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The question of income distribution (1)

In economics, income distribution covers the subject how a
country’s total GDP is distributed among its population.
Economic theory and economic policy have long seen income
and its distribution as a central concern.
Unequal distribution of income causes economic inequality
which is a concern in almost all countries around the world.
Classical economists such as Adam Smith (1723 - 1790),
Thomas Malthus (1766 - 1834), and David Ricardo (1772 -
1823) concentrated their attention on factor
income-distribution, that is, the distribution of income
between the primary factors of production (land, labour and
capital (means of production)).
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The nineteenth century saw growing wealth inequality (2)

The reason for this increase in inequality was an unequal
distribution of gains from dynamic economic growth.
Wealth disparities were particularly pronounced in cities where
industrial labour was concentrated.
Responses to inequality :
The mass emigration from Europe to North America,
especially the United States.
The German philosopher Karl Marx (1818 - 1883) estimated
that customs and values are actually produced by the
economic relations in the same way as wages.
The principles of income and wealth distribution are fully
dependent on the entire working of the economic system.
In his critique of capitalism, Marx argued that one of its
systemic features is exploitation.
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Thomas Piketty Let’s say it straight away : (3)

It is impossible to seriously combat global warming without a
profound redistribution of wealth. Example : Europe
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Gini-coefficients ! (4)

Wealth shares by top percentiles (2022): Top 10% 
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Rerum novarum : encyclical of Pope Leo XIII (1891) (5)

An open letter, that addressed the condition of the working
classes.
It discusses the relationships and mutual duties between labor
and capital, as well as government and its citizens.
Principles :
Dignity of the person : pay a fair daily wage, for which
employees should give a full day’s work.
Common good : The primary purpose of a state : to provide
the common good.
Subsidiarity : a central authority only carries out tasks that
cannot be solved at a lower level.
Private ownership : a natural right of man.
Preferential option for the poor : Pope Leo XIII emphasizes
the dignity of the poor and the working classes.
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Piero Sraffa’s initial price model (1960) (6)

Sraffa considers a national economy of n economic sectors
and a semi-positive n × n commodity flow matrix S ≥ 0 in
physical terms.
With the summation vector e = [1, ..., 1]′ Sraffa considers the
means of production Se and the surplus d > o. One
calculates the total output q = Se + d > o.
Sraffa’s price model determines a price vector p = [p1, ..., pn]′
of prices pi, i = 1, ..., n, bringing in equilibrium the national
economy.
Assumptions :
(a) constant rate of profit for all production sectors : r > 0,
the sectorial profit is the vector : rSe.
(b) A vector of labour L = [L1, ..., Ln]′ in man-years [If a
sector occupies 42 persons, we set Lj = 42], a constant rate
of wages w > 0, The sectorial wages : vector wL.
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Commodity flow matrix of Piero Sraffa (7)

products - homogenous branches - buying sectors surplus total
selling sectors S1 S2 ... Sj ... Sn Output

S1 s11 s12 ... s1j ... s1n d1 q1
S2 s21 s22 ... s2j ... s2n d2 q2
...

...
... ...

... ...
...

...
...

Si si1 si2 ... sij ... sin di qi

...
...

... ...
... ...

...
...

...
Sn sn1 sn2 ... snj ... snn dn qn

Labour L1 L2 ... Lj ... Ln L
... ↓ ... ↓ ... ↓

total Output q1 q2 ... qj ... qn

Table – An Input Output Table (IOT) of n producing sectors, and a
vector of supply in physical terms

Sraffa price model : production costs = value of produced output

S′p + (rS′p + wL) = S′p(1 + r) + wL = q̂p = x (1)
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r → R, an eigenvalue equation, Aggregates ! (8)

Let S ≥ 0 be semi-positive and irreducible, then the Perron-
Frobenius theorem applies. Set C = Sq̂−1.
S′p(1 + r) + wL = q̂p ⇒ q̂−1(S′p(1 + r) + wL = q̂p)

C′p(1+r) + wq̂−1L = p ⇒ C′p(1+R) = p w = 0, r → R.
(2)

Eigenvalue equation :
C′p = 1

1 + R
p := λCp, 0 < λC < 1 p > o. (3)

Aggregates :Total Output : X = e′q̂p,
means of production → operating capital : K = (Se)′p,
total profit : P = r · K = r · (Se)′p,
total wages : W = w · (e′L)
national income : Y = P + W = X − K ⇒ X = K + Y ,
We recognize : a productive Leontief model (Ashmanov) :
C′p(1 + R) = C′p + R(C′p) := C′p + f = p, f ≥ o. (4)
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Sectorial wages and rates of profit (9)

We introduce a vector r = [r1, r2, ..., rn]′ of the distribution of
the rate of profits and a vector w = [w1, w2, ..., wn]′ of the
distribution of the wage rates which we diagonalize.

r̂ =


r1 0 .. 0
0 r2 .. 0
.. .. .. ..
0 0 .. rn

 ; ŵ =


w1 0 .. 0
0 w2 .. 0
.. .. .. ..
0 0 .. wn

 . (5)

Given the production scheme (S′, L) → (q̂) of an economy
producing a surplus, the input-output coefficients matrix
C = Sq̂−1 has a Frobenius number, 0 < λC < 1, and a
maximal profit rate R = (1/λC) − 1 > 0, we define the
positive wage to profit ratio, wp := W/P > 0,

(R > 0, 0 < r < R) ⇔ wp = W

P
> 0. (6)
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Sraffa extended price model (10)

We need two norm factors np, nw, one for each distribution r̂
and ŵ, and replace r and w in the proceeding system (1) of
uniform rates.

S′(I + np · r̂)p + nw · ŵL = q̂p,

pi = p0, i ∈ {1, ..., n},

wp = wp0,

P = wp0 · W,

P = np · e′(S′r̂)p,

W = nw · e′(ŵL).

(7)

we have to select an exogenously given p0, the price pi = p0
of the numéraire i. The extended Sraffa price model (8) has
the n + 5 variables np, nw, W , P , wp, p1,..., pn and n + 5
equations.
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A numerical problem (11)
Example 1 Three commodities (wheat, iron, pigs) are produced, each line
corresponding to an industry. The physical units are ’quarter of wheat’, ’tons of
iron’, ’number of pigs’, the labour force is measured in ’man-years’,

(240 qr. wheat, 12 t. iron, 18 pigs, 42 MY) → (600 qr. wheat, 0, 0)
(90 qr. wheat, 6 t. iron, 12 pigs, 84 MY) → (0, 30 t. iron, 0)

(120 qr. wheat, 3 t. iron, 30 pigs, 42 MY) → (0, 0, 90 pigs)
(8)

Identifying matrices S, L, q. Set up the system of production in matrix form.
Determine matrix C = Sq̂−1. Calculate the productiveness R of matrix C.
Compute the national income Y0.
Then, set up the distribution of the wage rates in arbitrary units, i.e., in
’monetary units/man-years’ : w′ = [1.2, 1.5, 1.1], set up the distribution of the
rate of profits by dimensionless components : r′ = [0.15, 0.2, 0.12]. Choose
wp0 = W/P = 1 for the wages to profit ratio :

a) The commodity ’wheat’ is the numéraire, its price is p1 = p0 = 1.
Compute the prices p2, p3, the factors np, nw, the effective distributions np · r
and nw · w and then the values of the variables P , W , Y , K and X.
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A numerical problem (12)
Solution to Example We start by identifying the matrices

S =

[ 240 90 120
12 6 3
18 12 30

]
, q =

[ 600
30
90

]
, L =

[ 42
84
42

]
(9)

and set up the system of production
(S′, L) → (q),

C = Sq̂−1 =

[ 240 90 120
12 6 3
18 12 30

] [ 1
600 0 0
0 1

30 0
0 0 1

90

]
=


2
5 3 4

3
1

50
1
5

1
30

3
100

2
5

1
3

 .
(10)

The matrix C is irreducible and non-negative. The characteristic function :

P3(λ) = det(C − λI) = λ3 − 14
15λ2 + 1

6λ − 7
1000 . (11)

The polynomial is factorized, P3(λ) = (λ − 0.7134)(λ − 0.1576)(λ − 0.0623),
the Frobenius number is calculated, λC = 0.7173, and the productiveness or
maximal rate of profits is then obtained, R = (1/0.7134) − 1 = 0.4017.
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A numerical problem (13)
Extended Sraffa price model (7), distributions r̂ (profit rates) and ŵ (wage
rates) ; exogenous price p0 = 1 for wheat, wages to profit ratio wp = 1.

S′(I + np · r̂)p + nw · ŵL =[ 240 12 18
90 6 12
120 3 30

]
(

[1 0 0
0 1 0
0 0 1

]
+ np

[0.15 0 0
0 0.2 0
0 0 0.12

]
)

[
p1
p2
p3

]
+

nw

[ 1.2 0 0
0 1.5 0
0 0 1.1

] [ 42
84
42

]
= q̂p =

[ 600 0 0
0 30 0
0 0 90

] [
p1
p2
p3

]
,

p1 = p0, W = P,

W = nq · e′(ŵL) = nq·[1, 1, 1]

[ 1.2 0 0
0 1.5 0
0 0 1.1

] [ 42
84
42

]
,

P = np · e′(S′r̂)p =

= np · [1, 1, 1]

[ 240 12 18
90 6 12
120 3 30

] [ 0.15 0 0
0 0.2 0
0 0 0.12

] [
p1
p2
p3

]
.

(12)
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A numerical problem (14)
We obtain : prices of iron p2 = 12.1808 qr. wheat/t. iron, prices of pigs
p3 = 4.1391 qr. wheat/pig, giving the price vector p = [1, 12.1808, 4.1391]′.
Then, with the price vector we calculate : (a) the total wages W = 191.9
qr. wheat (b) the total profits P = 191.9 qr. wheat, (c) the national income
Y = 383.8 qr. wheat ∼ Y0 = 362.26 qr. wheat, (d) the norm factors
np = 1.2926 and nw = 0.8621. These factors lead to the equilibrated
distributions npr′ = [0.1939, 2.5852, 0.1551] and
nww′ = [1.0345, 1.1932, 0.9483] in qr. wheat/man-years.

Then we calculate the economic variables in physical units qr. wheat,

Y = d′p = [150, 9, 30]

[ 1
12.1808
4.1391

]
= P + W = 383.8,

K = (Se)′p = [450, 21, 60]′
[ 1

12.1808
4.1391

]
= 954.14,

X = q′p = [600, 30, 90]

[ 1
12.1808
4.1391

]
= K + Y = 1337.94.

(13)
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Control and conclusions (15)
Control

S′(I + np · r̂)p + nw · ŵL = S′Ip + np · r̂p + nw · ŵL = q̂p[ 460.67
212.75
280.72

]
+

[ 95.87
44.05
51.97

]
+

[ 43.45
108.62
39.83

]
=

[ 600
365.23
372.52

]
. N

(14)

Conclusions
The Sraffa price model with a n × n commodity flow matrix S can be
extended to a price model with sectorial rates of profits ri, i ∈ {1, ..., n}
and wage rates wi, i ∈ {1, ..., n}.
As n can be extended as far as needed, n → ∞, one can imagine that
with AI and Big Data it will be possible to compute commodity flow
matrices S for national economies and to calculate prices, converging to
real production prices.
Thomas Piketty : It is impossible to seriously combat global warming
without a profound redistribution of wealth.
The postulates of the encyclical of Pope Leo XIII (1891) Rerum
novarum remain of utmost actuality, emphasising a solution without the
war of classes (Karl Marx) !
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